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Numerical Results and Discussion

Figure 1 shows the results obtained from the first-order
formula, Eq. (9), for a singie-degree-of-freedom linear oscilla-
tor under Gaussian white noise excitation and for rather low
safety threshold levels ±2<r, where a is the standard devia-
tion of the stationary response. The Poisson and the non-
approaching excursion estimates are also plotted for compari-
son. Within the time range investigated, Eq. (9) gives a
higher estimate than the corresponding Poisson and nonap-
proaching excursion estimates.

Figure 2 shows the results obtained from the second-order
formula, Eq. (16), in the time region where the asymptotic form
Eq. (20) for E[r]2(i)] is applicable and for relatively high
safety bounds ±3.50(7. Corresponding results computed
from Eq. (9) are also plotted for comparison. The comparison
reveals that using the most uncertain r](t) as a criterion,
a first-order estimate may not always be more conservative
than a second-order estimate.

Another point of interest is that all the second-order esti-
mates tend to straight lines when plotted on a semilogarithmic
scale. This implies that these estimates tend to the expo-
nential form, a general form conjectured by Mark5 and verified
by Crandall, et al.2 by simulation. For example, for damping
ratio f = 0.02 and failure bounds ±3.5a the second order
estimate of Po(t) tends to exp(—0.00279 natural cycles),
suggesting an average first excursion time in the neighborhood
of 1/0.00279 = 357 natural cycles. The simulation results2 for
the same system have an average of 744 cycles.

Equations (9) and (16) were obtained from maximization
of the entropy of 77 (t). A different estimate for P0 would result
if maximization was associated with a random variable other
than 77 (t). Tribus4 has shown that the maximum entropy esti-
mate for PQ with the knowledge of the average structural life,
L, is given by

Po(0 = exp(-*/L) (21)
However, no general method is available to compute L for a
practical structural response. Note that Eq. (21) would
agree with the Poisson estimate if L could be replaced by \/g\.
Clearly, \/g\ is the average recurrence time which is a condi-
tional average whereas L is an unconditional average. From
a physical argument we can assert that L < \/g\. If, how-
ever, we are ignorant of any statistical relationship between
different excursions, then the assumption of independent ex-
cursions should be the most unbiased one, and Eq. (21) would
coincide with the Poisson estimate.

It is appropriate to comment on the general philosophy of a
statistical analysis from the standpoint of maximum uncer-
tainty. Since nearly all experimental measurements of a ran-
dom phenomenon are directed toward the first- and the sec-
ond-order moments, our knowledge of the physical situation is
seldom beyond these levels. However, when theoretical com-
putation requires an expression for the probability distribu-
tion, an analyst is forced to extrapolate from his limited
knowledge. Such extrapolations are sometimes dictated by
mathematical conveniences. Thus, the Gaussian distribution
is often a favorite assumption because of its desirable mathe-
matical properties. For example, a Gaussian structural re-
sponse has been assumed in the computation of gi(t) and
fz(tijtz) reported herein. This procedure is quite justified, how-
ever, since the Gaussian random process is associated with the
maximum entropy if our knowledge of the response is limited
to the mean and the correlation functions. To estimate the
structural reliability from the functions gi(t) and/2(^i,fe), we
used, once again, the maximum entropy principle and arrived
at Eqs. (9) and (16). Thus, Eqs. (9) and (16) were the results
of repeated applications of the maximum entropy principle.
These are the least prejudiced estimates subject to the respec-
tive constraints of statistical knowledge. The maximum en-
tropy results are also expected to be conservative as supported
by one example where the estimated average structural life is
about one-half the simulation average.

Finally, it should be noted that although a single-degree-of-
freedom system was chosen in the example, the present method
applies to any structure as long as the functions g^t) and
fz(tijtz) can be calculated.
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IT has been recognized for some time that the pressure dis-
tribution on thin nonlifting airfoils in steady two-dimen-

sional flow with freestream Mach number Mm equal to, or
near, unity may be calculated by means of the local lineariza-
tion theory.1"3 The purpose of this note is threefold: 1) to
present some alternative, but equivalent, expressions for the
pressure that are more convenient for numerical computation
than those given heretofore, 2) to present results for the air-
foils tested by Michel et al.4-5 using the exact equations to
describe the airfoil ordinates rather than close approxima-
tions which permit analytical solutions as done originally, and
3) to examine the discrepancies that appear near the trailing
edge in nearly all comparisons of theoretical and experi-
mental pressure distributions for Mm = 1 to determine
whether they may be inherent in the inviscid flow, as opposed
to the usual explanation that they are due to shock-wave
boundary-layer interaction.

According to the local linearization theory, the pressure
coefficient Cp, or its transonic similarity counterpart Cp =
[Mm

2(y + l)/V2]1/3(7z>, at an arbitrary point x on the surface
of a thin nonlifting airfoil having ordinates Z and thickness-
chord ratio T = t/c in a flow with Mm = 1 and ratio of specific
heats 7 (for air, 7 = -J) is given by

„ = -213- f: \4-
9

-
7T

(1)
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Fig. 1 Theoretical and experimental4'5 pressure distributions for several airfoils having various thickness-chord ratios T
and locations (*/c)zmax of tne point of maximum thickness.

where x* represents the location of the sonic point. For
smoothly curving airfoils, x* is equal to the value for x\ at
which the function F(XI) vanishes. Equation (1) is concise
and convenient for application to airfoils having ordinates
given by analytic expressions such as those considered in the
original references. Even for those airfoils, however, it was
necessary to approximate some of the airfoil shapes so that
Eq. (1) could be integrated analytically. An alternate pro-
cedure that can be applied to these airfoils, and many others
as well, would be to perform the integrations numerically. It
this is done, however, the square root singularity of the in-
tegrand at xi = £ makes it inconvenient for numerical com-
putation. Three alternative expressions for F(XI) that can be
derived by straightforward operations of integration by parts,
differentiation, and addition and subtraction of equal quanti-
ties are

T (Si)1
+ +

dxi Jo r(^-airr d^
Z'(0)

r (i

Z'(0) I
T Oi)1/2

+

+ +

(2)

where the primes indicate differentiation in the usual manner,
and the indicated arguments of the quantities signify where,
or in terms of which variable, they are to be evaluated; i.e.,
Z'(£) signifies dZ/dt; with Z expressed as a function of £, and
Z'(0) signifies dZ/dx evaluated at x = 0, etc.

Because of the prior existence of experimental data, a
family of airfoils was considered in Ref. 1 that had ordinates Z
and chord wise location (£/c)zmax of the maximum thickness

Z/c = A[x/c — (x/c)n], (X/c)zmax

and

Z/c = A[l - x/c - (1 - x/c)»],
I -

(3)

(4)

in which A = [m»'(»-1) ]/ [2(n - 1) ]. Values for n of 2, 3.38,
and 6.05 were chosen by the experimenters so that (x/c)Zjna^
of the airfoils defined by Eq. (3) were 0.50, 0.60, and 0.70;
and that of the airfoils defined by Eq. (4) were 0.50, 0.40, and
0.30. To facilitate analytic integration, the ordinates of the
airfoils described by Eq. (4) were approximated in Ref. 1 by
replacing n = 3.38 by 3 and 3.5, and n = 6.05 by 6.

We now adopt the alternative procedure of retaining the
exact expressions for the airfoil ordinates, but performing the
integrations numerically using the expressions of Eq. (2) for
F(XI). Pressure distributions calculated in this way for the
five families of airfoils described previously are shown in Fig. 1
together with experimental data4'5 for several airfoils having
r = 0.06, 0.08, 0.10, and 0.12. As indicated more briefly re-
cently,6 the results for n = 3.38 are intermediate between
those for n = 3.0 and 3.5, as they should be. The new results
for n = 6.05 are virtually indistinguishable from the previous
theoretical results for n = 6. Except for the immediate
vicinity of the trailing edge, these comparisons indicate es-
sential agreement between the calculated and measured pres-
sure distributions. The general trend of the theory to agree
better with the data for thicker airfoils and for airfoils with
maximum thickness forward has been examined in some de-
tail previously,7 and found to be consistent with the antici-
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Table 1 Significant values for Cp and slope at the trailing
edge of the airfoils presented in Fig. 1

O/C)zmax

[d(Z/r)/dx]ar̂ Pa

\(~spa)&tt
(-< *
^Pa

(G*)w«*
( (-spb )strong

0.30
-0.86
-4.04
-2.15
-2.27
-2.73

3.86

0.40
-1.18
-3.96
-2.67
-2.82
-2.03

3.57

0.50
-2.00
-4.45
-3.78
-4.00
-1.04

3.42

0.60
-2.82
-5.23
-4.75
-5.03
-0.53

3.60

0.70
-4.32
-6.61
-6.32
-6.68

0.25
3.91

pated effects of wind-tunnel wall interference and of the
viscous boundary layer.

With respect to the differences that occur near the trailing
edge, the question arises whether they are primarily the result
of boundary-layer shock-wave interaction, as most would
suppose, or whether they might be inherent in the inviscid
solution. The latter would be the case if the local Mach num-
ber immediately upstream of the trailing edge were not high
enough for an oblique shock wave to turn the flow through the
required angle. If that should occur, the shock wave would
detach from the trailing edge and move forward onto the aft
part of the airfoil, substantially altering the pressure distribu-
tion there.

To investigate this possibility, we must consider the
following expression8 for the transonic approximation for the
shock polar, where u and w refer to the Cartesian components
of the perturbation velocity and subscripts a and b refer to
conditions ahead and behind the shock wave:

(Ua — (5)

Upon introducing Cp = —2u/Um and dZ/dx = w/Um, where
Um refers to the free-stream velocity, and setting Mm = 1,
(dZ/dx)b = 0, and expressing the relations in terms of Cp
rather than Cp, Eq. (5) becomes

cpb)(cpb - (6)

With [d(Z/r)/dx]a known from the geometry of the airfoil,
and CPa to be as indicated by the local linearization theory,
this relation may be solved for CpbJ the reduced pressure co-
efficient immediately downstream of the trailing edge, pro-
vided — Cpa is sufficiently large for the shock wave to be at-
tached to the trailing edge. If —Cpa is less than a limiting
value (— Cpa)&ii, which depends on [d(Z/r)/dx]a, it is not
possible for an oblique shock wave to turn the flow the re-
quired angle. The appropriate expression for (— CPo)att may
be determined by solving

16_ dx
for Cpb in terms of Cpa to obtain Cpb = — Cpa/3, and sub-
stituting into Eq. (6) to obtain

A necessary condition for the shock wave to be attached to
the trailing edge of the airfoil is thus that Cpa < ((?„«)att. It
may be seen from the values listed for Cpa and (Cpo)att in
Table 1 that this condition is satisfied for each of the airfoils
for which results are shown in Fig. 1.

The margin by which this condition is exceeded diminishes
rapidly as the maximum thickness moves aft on the airfoil,
however, and it seems likely that the condition for an attached
shock wave may not be satisfied for airfoils of this family if
the maximum thickness were much further aft than the most
extreme of the cases considered, namely 0.70 chord.

A further condition required for the surface pressure dis-
tribution to be independent of conditions downstream of the
airfoil in the absence of a boundary layer is that the flow be

supersonic downstream of the trailing shock wave. Now, it
is a well-known property of the transonic shock polar that can
be seen from Eq. (6), or the listings of Table 1, that Cpb may
be either positive or negative, but that Cpa < Cpb < — Cpa if
attention is confined to physically significant compressive
shock waves described by real solutions of Eq. (6). Of the
two solutions of that equation that satisfy this condition, one
is always positive, indicating subsonic flow, and the other may
be positive or negative, indicating either subsonic or super-
sonic flow. To illustrate this point further, the two values for
Cpb are indicated by solid and open half circles for each of the
airfoils on Fig. 1. The limiting value for Cpa for which the
flow is exactly sonic immediately downstream of a shock wave
attached to the trailing edge is designated by Cpa* and may
be determined from Eq, (6) by setting Cpb equal to zero. It is

f1 * — _94/3r/7/7'//rW/7/v.l 2/3 /Q\
^ pa — ^ L^* V" / ' / / £*'•*•' J a \\yJ

Values for Cpa* are listed in Table 1 for each of the airfoils for
which results are shown in Fig. 1.

If Cpa* < Cpa < (Cpa)att, a shock wave may be attached to
the trailing edge, but the flow immediately downstream of it
must be subsonic. Under these circumstances, which prevail
for the airfoils of Fig. 1 with maximum thickness at 0.70
chord, effects arising in the wake and elsewhere downstream
of the airfoil inevitably influence conditions at the trailing
edge. This result opens the possibility that these influences
might be sufficient, under certain circumstances, to cause the
trailing shock wave to move forward onto the airfoil, and
thereby to produce at least part of the discrepancies apparent
in Fig. 1 between the theoretical and experimental pressure
distributions near the trailing edge.

If Cpa < Cpa* < (CPo)att, as it is for the remainder of the air-
foils considered in Fig. 1, the shock wave may be attached to
the trailing edge, but the flow immediately downstream of it
may be either subsonic or supersonic according to whether the
shock wave is strong or weak. If the shock wave is of the
strong type, the situation would be substantially the same as
just described; and the sources of the differences between the
theoretical and experimental pressure distributions near the
trailing edge might be sought in either inviscid or viscous
phenomena. If, on the other hand, the shock wave is of the
weak type, the flow is supersonic immediately downstream of
the shock wave, and no effects of downstream origin can in-
fluence conditions at the airfoil in the absence of viscosity.
To the extent that this prevails, the preceding results support
the general belief that the differences between theoretical and
experimental pressure distributions over the aft portion of air-
foils with small or moderate trailing-edge angles must involve
viscous processes, in particular, effects of shock-wrave bound-
ary-layer interaction. While the inviscid theory is capable of
providing a good approximation for the pressure distribution
over most of the airfoil, the nature and magnitude of the de-
ficiencies near the trailing edge indicate that an improved
theory, which includes viscous effects, is required to provide
satisfactory predictions of drag at Mm = 1.
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Fig. 1 Schematic of experiment.
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Nomenclature
= value of drag coefficient based on parameters at

model nose
= nominal diameter of source orifice
= model base diameter

) =
= model length
= isentropic axial Mach number
= pcot/ooL/jUu,, where fiw is viscosity coefficient based on

Tw
rn,TB = radius of model nose, radius of model base
Tw = model wall temperature
[7co = freestream (axial) velocity
(Vr) = 2(2RTw/Tr}112, mean thermal speed of reflected mole-

cules
Xoo = hard sphere mean-free-path of incident molecules
Pfip — freestream value of incident stream density at first

interaction point of reflected with incident mole-
cule

Pnose — freestream value of incident stream density at model
nose

POO = freestream incident density
Ap = axial variation in freestream density across model

length
SF = Tn/rBj model bluntness ratio

Introduction

IN this Note an empirical technique for assessing the in-
fluence of axial flow gradients in free jets on the measure-

ments of drag coefficients of slender, blunted cones at zero
angle-of-attack is discussed. Specific results obtained for
low-density flows are used to predict the values of the drag
coefficient for the case of a uniform flow characterized by the
flow parameters at the nose of the cones.

Experimental Method

A schematic of the experimental apparatus is shown in Fig.
1. The freejet flow is produced by allowing gas to emerge
from the stagnation chamber through a thin-plate orifice into a
vacuum. The conical model is supported in midstream by an
electromagnetic balance. A careful calibration procedure
makes it possible to relate the magnitude of the current
through the supporting coils to the magnitude of the aerody-
namic force with high accuracy and precision.1 The axial
jet-core flow properties are a function of the axial position
scaled with respect to the (effective) source orifice diameter.2
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To study the influence of flow gradients on the aerodynamic
characteristics of cones, the magnitude of these gradients was
varied by varying the size of the source orifice. By adjusting
the axial position of the models in the freejet, the Mach num-
ber at the nose of the cones could be made the same in every
case. A total of four source orifices and four models were
used in this investigation (see Table 1). By varying the
source pressure a range of the correlating flow parameter,
Rew,L, between 2.5 and 100 wras obtained.

Results and Discussion

Results of the tests for one model are plotted in Fig. 2 (three
lower traces of solid symbols) as a family of curves of CD vs
Rew,L for different magnitudes of the axial gradients of the
freejet flow. An indication of the magnitude of the variation
of the flow parameters over the length of the cones (Ap/pn0se)
can be found in Table 1. From these and similar results ob-
tained with other models two consistent trends emerge. First,
in the higher Rew,L range the curves of a family are parallel
and eventually become linear in the log-log plot. Second, as
Rew,L is decreased, the curves in a family diverge, with the
point of divergence occurring at a higher value of Rew,L when
the flow gradients are steeper (i.e., the source orifice is smaller).
These two trends suggest two distinct effects of flow gradients
on the aerodynamics of a test body.
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